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Êàì÷àòñêàÿ îïûòíî-ìåòîäè÷åñêàÿ ñåéñìîëîãè÷åñêàÿ ïàðòèÿ Ãåîôèçè÷åñêîé ñëóæáû ÐÀÍã. Ïåòðîïàâëîâñê-Êàì÷àòñêèé

Àííîòàöèÿ. Ïðåäëàãàåòñÿ ìåòîäèêà ðàñ÷åòà ñòàòè÷åñêèõ ñìåùåíèé îò ñèëû âóïðóãîì èçîòðîïíîì ñëîèñòîì  ïîëóïðîñòðàíñòâå. Èñïîëüçîâàíî òðàäèöèîííîåèíòåãðàëüíîå ïðåäñòàâëåíèå ÷åðåç (èçâåñòíûå) ãîðèçîíòàëüíûå ôóíêöèè, âêëþ-÷àþùåå â êà÷åñòâå íåèçâåñòíûõ çàâèñÿùèå îò ãëóáèíû âåðòèêàëüíûå ôóíêöèè �êîìïîíåíòû âåêòîðà äâèæåíèÿ-íàïðÿæåíèÿ. Äëÿ âû÷èñëåíèÿ âåêòîðîâ äâèæåíèÿ-íàïðÿæåíèÿ ïðåäëîæåí íîâûé ìåòîä. Ïî àíàëîãèè ñ äèíàìè÷åñêèì ñëó÷àåì [2]ââîäèòñÿ ôóíêöèÿ èìïåäàíñà � «îòíîøåíèå» âåêòîðà íàïðÿæåíèÿ ê âåêòîðóäâèæåíèÿ. Ââåäåíèå èìïåäàíñîâ ïîçâîëÿåò ïîëó÷èòü àíàëèòè÷åñêèå ôîðìóëû äëÿêîìïîíåíò äâèæåíèÿ-íàïðÿæåíèÿ, êîòîðûå íå ñîäåðæàò ýêñïîíåíò ñ ïîëîæèòåëü-íûìè ïîêàçàòåëÿìè, ÷òî ïîçâîëÿåò èñïîëüçîâàòü ñëîè ñ ëþáîé òîëùèíîé. Äëÿ SHêîìïîíåíò èìïåäàíñ � ñêàëÿðíàÿ ôóíêöèÿ, äëÿ P/SV êîìïîíåíò � ìàòðèöàâòîðîãî ïîðÿäêà. Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ ïî âîëíîâîìó ÷èñëó, âõîäÿùèõ âðåøåíèå, ââîäèòñÿ èñêóññòâåííàÿ óäàëåííàÿ öèëèíäðè÷åñêàÿ ãðàíèöà. Ýòîïîçâîëÿåò ñâåñòè âû÷èñëåíèå èíòåãðàëîâ ê âû÷èñëåíèþ ðÿäîâ ïî íàáîðàìâîëíîâûõ ÷èñåë, âûðàæàþùèõñÿ ÷åðåç êîðíè ôóíêöèé Áåññåëÿ íóëåâîãî è ïåðâîãîïîðÿäêîâ è ðàññòîÿíèå äî èñêóññòâåííîé ãðàíèöû. Îøèáêà, ñâÿçàííàÿ ñ çàìåíîéèíòåãðàëîâ íà ðÿäû, ïîðÿäêà îòíîøåíèÿ («ýïèöåíòðàëüíîå» ðàññòîÿíèå)/(ðàñ-ñòîÿíèå îò «ýïèöåíòðà» äî èñêóññòâåííîé ãðàíèöû). Ïðåäëàãàåìàÿ ìåòîäèêà÷èñëåííî óñòîé÷èâà è ýôôåêòèâíà.
Kamchatkan Methodical Seismological Department, Geophysical Service, RASPetropavlovsk-Kamchatsky

Abstract. A technique for calculation of static displacements from a force in a layeredhalf-space is proposed. The conventional integral representation for solution throughhorizontal functions is used. This representation uses the components of stress-motionvectors as unknowns. To calculate the stress-motion vectors a new method is applied. Byanalogy with the dynamic case we introduce impedance functions, �ratios� of stress andmotion vectors for SH and P/SV cases respectively. We use the impedance functions toget analytical formulas for stress-motion components that do not include exponentfunctions with positive arguments. Therefore layers of arbitrary thickness can be used.For the SH case the impedance is a scalar function whereas for P/SV case it is a secondorder matrix. To calculate the integrals with respect to wave number, that represent thesolution, an artificial remote cylindrical boundary is introduced. This allows replacingthe integrals by series with respect to sets of discrete wave numbers. The discrete wavenumbers are calculated by the roots of Bessel functions of zero and first order and thedistance to the artificial boundary. This approximation causes an error of order of theratio (�epicentral� distance)/( distance to the artificial boundary from the �epicenter�).The technique is numerically stable and computationally efficient.
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Ââåäåíèå
Çàäà÷à ðàñ÷åòà ñòàòè÷åñêèõ ñìåùåíèé îò ñèëû â ñëîèñòîì ïîëóïðîñòðàíñòâå ïðè-îáðåëà îñîáóþ àêòóàëüíîñòü â ïîñëåäíåå âðåìÿ, êîãäà ïîÿâèëèñü èçìåðåíèÿ ñòàòè÷åñ-êèõ ñìåùåíèé ïîâåðõíîñòè çåìëè ñ ïîìîùüþ ñïóòíèêîâîé ñèñòåìû îïðåäåëåíèÿêîîðäèíàò òî÷åê íà ïîâåðõíîñòè çåìëè.Äëÿ îäíîðîäíîãî óïðóãîãî ïîëóïðîñòðàíñòâà çàäà÷à èìååò àíàëèòè÷åñêîå ðåøåíèå(ñì., íàïðèìåð, [8,9]). Äëÿ ñëîèñòîãî ïîëóïðîñòðàíñòâà ïðèìåíÿþòñÿ ÷èñëåííûå(êâàçèàíàëèòè÷åñêèå) ìåòîäû [7, 13, 5,6]. Ýòè ìåòîäû îñíîâàíû íà èíòåãðàëüíîìïðåäñòàâëåíèè ðåøåíèÿ, êîòîðîå ÿâëÿåòñÿ ñëåäñòâèåì ðàçäåëåíèÿ ïåðåìåííûõ â óðàâ-íåíèÿõ ëèíåéíîé òåîðèè óïðóãîñòè â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò. Êîýôôè-öèåíòû ðÿäà íàõîäÿòñÿ èç ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿâåêòîðà äâèæåíèÿ-íàïðÿæåíèÿ. Ýòà ñèñòåìà ðåøàåòñÿ ñ ïîìîùüþ ìåòîäà Òîìñîíà-Õàñêåëëà [11] èëè åãî ìîäèôèöèðîâàííûõ âàðèàíòîâ [12]. Â ðàáîòàõ [5,6] âìåñòîèíòåãðèðîâàíèÿ ïî âîëíîâîìó ÷èñëó èñïîëüçóåòñÿ ñóììèðîâàíèå ïî äèñêðåòíîìó íà-áîðó ðàâíîîòñòîÿùèõ âîëíîâûõ ÷èñåë.Â äàííîé ðàáîòå ðåàëèçîâàí ïîäõîä, êîòîðûé îòëè÷àåòñÿ îò òðàäèöèîííîãî ïîäõîäàâ äâóõ îòíîøåíèÿõ. Âî-ïåðâûõ, èíòåãðàëû ïî âîëíîâîìó ÷èñëó çàìåíÿþòñÿ ñóììàìèïî äèñêðåòíûì íàáîðàì âîëíîâûõ ÷èñåë, çíà÷åíèÿ êîòîðûõ âûðàæàþòñÿ ÷åðåç êîðíèôóíêöèé Áåññåëÿ íóëåâîãî è ïåðâîãî ïîðÿäêîâ, à, âî-âòîðûõ, óïîìÿíóòàÿ âûøå ñèñ-òåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ðåøàåòñÿ íîâûì ìåòîäîì, â îñíîâå êîòîðîãî ëåæèòïîíÿòèå èìïåäàíñà. Ýòîò ïîäõîä àíàëîãè÷åí ïîäõîäó, ðàçâèòîìó äëÿ äèíàìèêè â ðàáîòå[10].Ïðèâîäèòñÿ ðåøåíèå çàäà÷è äëÿ ñèëû, çàäàííîé íà ïîâåðõíîñòè ñëîèñòîãî ïîëó-ïðîñòðàíñòâà è ïðèåìíèêà, ðàñïîëîæåííîãî âíóòðè. Äëÿ òîãî, ÷òîáû ïîëó÷èòü ðåøåíèåäëÿ ñèëû, äåéñòâóþùåé âíóòðè ïîëóïðîñòðàíñòâà è ïðèåìíèêà íà åãî ïîâåðõíîñòèïðèìåíÿåòñÿ òåîðåìà âçàèìíîñòè.

Ïîñòàíîâêà çàäà÷è
Ðàññìîòðèì ãîðèçîíòàëüíî ñëîèñòóþ ñðåäó, ñîñòîÿùóþ èç ïîëóïðîñòðàíñòâà èëåæàùåé íà íåì ïà÷êè èç n ñëîåâ. Ñëîè è ïîëóïðîñòðàíñòâî ñ÷èòàþòñÿ îäíîðîäíûìè,èäåàëüíî óïðóãèìè è èçîòðîïíûìè.Ââåäåì äåêàðòîâó ñèñòåìó êîîðäèíàò, ïîìåñòèâ åå íà÷àëî O íà âíåøíåé ïîâåðõ-íîñòè, íàïðàâèâ îñü Oz â ñðåäó ïåðïåíäèêóëÿðíî ñëîÿì, à îñè Ox è Oy òàê, ÷òîáûñèñòåìà êîîðäèíàò Oxyz áûëà ïðàâîé. Ïîëîæèì, ÷òî èñòî÷íèê â âèäå ñîñðåäîòî÷åííîéñèëû íàõîäèòñÿ íà âíåøíåé ãðàíèöå â íà÷àëå ñèñòåìû êîîðäèíàò. Ñìåùåíèÿ íåîá-õîäèìî îïðåäåëèòü â òî÷êå xs=(xs, ys, zs) (ïðèåìíèê). Ïðîâåäåì ãîðèçîíòàëüíóþ ïëîñ-êîñòü ÷åðåç ãëóáèíó ïðèåìíèêà, zs, è áóäåì ðàññìàòðèâàòü åå êàê ãðàíèöó ñëîåâ;ïåðåíóìåðóåì âñå ãðàíèöû ñ ïîìîùüþ èíäåêñà i (i=1,2,...�n). Îáîçíà÷èì ãëóáèíû ãðàíèöñëîåâ ÷åðåç zi, ïðè ýòîì z1=0 è îáîçíà÷àåò âíåøíþþ ïîâåðõíîñòü, zs � ãëóáèíó ïðè-åìíèêà. Ïîä i-òûì ñëîåì áóäåì ïîäðàçóìåâàòü ñëîé ìåæäó ïëîñêîñòÿìè zi è zi+1 (1<i<n-1).Ñëîé ñ èíäåêñîì s-1 è ñëîé ñ èíäåêñîì s (èëè ïîëóïðîñòðàíñòâî, åñëè s=n) áóäóò èìåòüîäèíàêîâûå ïàðàìåòðû. Êàæäûé ñëîé è ïîëóïðîñòðàíñòâî õàðàêòåðèçóåòñÿ çíà÷å-íèÿìè ïàðàìåòðîâ Ëàìå l, m è ïëîòíîñòè r.Äëÿ êàæäîãî ñëîÿ è ïîëóïðîñòðàíñòâà âåêòîð ñìåùåíèÿ u=u(x) óäîâëåòâîðÿåò âîâíóòðåííèõ òî÷êàõ (ò.å. â òî÷êàõ, íå ñîâïàäàþùèõ ñ òî÷êàìè ãðàíèö ðàçäåëà è ñâîáîä-íîé ïîâåðõíîñòüþ) îäíîðîäíîìó óðàâíåíèþ (ñì., íàïðèìåð, [4])
mDu + (l+m)Ñ(Ñ×u) = 0 (1)

ãäå:l, m - ïàðàìåòðû Ëàìå ñëîÿ (ïîëóïðîñòðàíñòâà);
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D - îïåðàòîð Ëàïëàñà;Ñ - îïåðàòîð ãðàäèåíòà;Ñ×u � äèâåðãåíöèÿ âåêòîð-ôóíêöèè ñìåùåíèÿ u=u (x);Ñôîðìóëèðóåì ãðàíè÷íûå óñëîâèÿ.Íà âíåøíåé ãðàíèöå èìååì óñëîâèå
T(x,y,z1+0) = -Fd(x) d(y), ïðè z=z1=0 (2)

ãäå: T=s×n � âåêòîð íàïðÿæåíèÿ íà ïëîñêîñòè z=z1 (n � íîðìàëü ê ýòîé ïëîñêîñòè,íàïðàâëåííàÿ âíóòðü ñðåäû);s - òåíçîð íàïðÿæåíèé;d(.) - äåëüòà-ôóíêöèÿ Äèðàêà.Íà îñòàëüíûõ ãðàíèöàõ ñìåùåíèÿ è íàïðÿæåíèÿ íåïðåðûâíû:
[u]i=0, [T]i=0 ïðè z=zi, (i=2,...�,n) (3)
Êâàäðàòíûå ñêîáêè îáîçíà÷àþò ñêà÷îê âåêòîðà íà ãðàíèöå, à èìåííî:
[v] i=v(x,y,z i+0) - v(x,y,z i-0) (4)
� ðàçíîñòü çíà÷åíèé, ïðèíèìàåìûõ âåëè÷èíîé íà ïîëîæèòåëüíîé è îòðèöàòåëüíîéñòîðîíå ãðàíèöû (ïîëîæèòåëüíàÿ ñòîðîíà èìååò íîðìàëü, íàïðàâëåíèå êîòîðîé ñîâ-ïàäàåò ñ íàïðàâëåíèåì îñè Oz). Êðîìå òîãî, u ® 0 ïðè z ® ¥.Êàê ïðàâèëî, òðåáóåòñÿ íàéòè ñìåùåíèÿ íà ñâîáîäíîé ïîâåðõíîñòè îò èñòî÷íèêàíà ãëóáèíå. Ìîæíî ïðèâåñòè àëãîðèòì ðåøåíèÿ ýòîé çàäà÷è íåïîñðåäñòâåííî. Îäíàêî,ñ ìåòîäè÷åñêîé òî÷êè çðåíèÿ, óäîáíåå ðàññìîòðåòü çàäà÷ó, êîãäà èñòî÷íèê âñåãäà íàïîâåðõíîñòè, à ïðèåìíèê â ãëóáèííîé òî÷êå. Ðåøåíèå ïåðâîíà÷àëüíîé çàäà÷è, â ýòîìñëó÷àå, ïîëó÷èì, ïðèìåíÿÿ òåîðåìó âçàèìíîñòè. Ïðèâåäåì ñîäåðæàíèå ýòîé òåîðåìû(ñì., íàïðèìåð, [1]).Ïóñòü Uij(x0; xs) � i-òàÿ êîìïîíåíòà âåêòîðà ñìåùåíèÿ â òî÷êå x0 îò ñèëû, ïðè-ëîæåííîé â òî÷êå xs â j-òîì íàïðàâëåíèè, òîãäà Uji(xs; x0) - j-òàÿ êîìïîíåíòà âåêòîðàñìåùåíèÿ â òî÷êå xs îò ñèëû, ïðèëîæåííîé â òî÷êå x0 â i -òîì íàïðàâëåíèè, è âåðíîðàâåíñòâî
Uij (xs; x0) = Uji (x0; xs) (5)

Ôîðìàëüíîå ðåøåíèå çàäà÷è
Ââåäåì öèëèíäðè÷åñêóþ ñèñòåìó êîîðäèíàò (r, j, z)

)/(arctg,22 xyyxr =+= j (6)
ñ îðòàìè îñåé

kejiejie =+-=+= zr )) ,)cos(sin(,)sin(cos( jjjj j (7)Â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò óðàâíåíèÿ òåîðèè óïðóãîñòè (1) äîïóñêàþòðàçäåëåíèå ïåðåìåííûõ, è îáùåå ðåøåíèå ýòèõ óðàâíåíèé ìîæíî ïðåäñòàâèòü â âèäå(ñì., íàïðèìåð, [1])
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å ò¥
-¥=

¥ ++= m
mkmmkmmkm kdkkzrkzrkzlzr }),(),(),({21),,( 0

)(2)(1)(1 RSTu pj (8)
ãäå:

jjj j eeT rrYkrYkr mkr
mkmk ¶¶-¶¶= ),(1),(1 (9a)

jj jj eeS ¶¶+¶¶= ),(1),(1 rYkrrrYk mkr
mkmk (9b)

zmkmk rY eR ),( j-= (9c))exp()(),( jj imkrJrY mmk = (9d)
Jm - ôóíêöèÿ Áåññåëÿ m�òîãî ïîðÿäêà.Ôóíêöèè mkmkmk RST ,,  çàâèñÿò òîëüêî îò ãîðèçîíòàëüíûõ ïåðåìåííûõ r, j èíàçûâàþòñÿ ãîðèçîíòàëüíûìè âîëíîâûìè ôóíêöèÿìè. Êîýôôèöèåíòû l1, r1, r2âûðàæàþòñÿ ÷åðåç u ïî ôîðìóëàì

ò ò¥ *×= p jjj2
0 0

)(1 )),((),,(),( rdrdrzrkzl mkm Tu (10a)
ò ò¥ *×= p jjj2
0 0

)(1 )),((),,(),( rdrdrzrkzr mkm Su (10b)
ò ò¥ *×= p jjj2
0 0

)(2 )),((),,(),( rdrdrzrkzr mkm Ru (10c)
Àíàëîãè÷íî äëÿ âåêòîðà íàïðÿæåíèé

å ò¥
-¥=

¥ ++= m
mkmmkmmkm kdkkzrkzrkzlzr )),(),(),((21),,( )(40

)(3)(2 RSTT pj (11)
Êîýôôèöèåíòû l2, r3, r4 âûðàæàþòñÿ ÷åðåç T ïî ôîðìóëàì, àíàëîãè÷íûì (10)

ò ò¥ *×= p jjj2
0 0

)(2 )),((),,(),( rdrdrzrkzl mkm TT (12a)
ò ò¥ *×= p jjj2
0 0

)(3 )),((),,(),( rdrdrzrkzr mkm ST (12b)

Ðàñ÷åò ñòàòè÷åñêèõ ñìåùåíèé îò ñèëû â ñëîèñòîì ïîëóïðîñòðàíñòâå



390

ò ò¥ *×= p jjj2
0 0

)(4 )),((),,(),( rdrdrzrkzr mkm RT (12c)
Âåêòîðû (l1, l2)T, (r1, r2, r3, r4)T íàçûâàþòñÿ âåêòîðàìè äâèæåíèÿ-íàïðÿæåíèÿ äëÿSH� è P/SV�êîìïîíåíò ðåøåíèÿ ñîîòâåòñòâåííî [1]. Êîìïîíåíòû âåêòîðîâ äâèæåíèÿ-íàïðÿæåíèÿ, ïðè ôèêñèðîâàííîì âîëíîâîì ÷èñëå k, çàâèñÿò òîëüêî îò ãëóáèíû z èïîýòîìó èõ åñòåñòâåííî íàçâàòü âåðòèêàëüíûìè ôóíêöèÿìè. Âåðòèêàëüíûå ôóíêöèèli (i=1,2) è rj (j=1,2,3,4) óäîâëåòâîðÿþò íåçàâèñèìûì ñèñòåìàì îáûêíîâåííûõ äèô-ôåðåíöèàëüíûõ óðàâíåíèé. Â ïðåäåëàõ ôèêñèðîâàííîãî ñëîÿ èëè ïîëóïðîñòðàíñòâàèìååì (ñì., íàïðèìåð, [1], ôîðìóëû (7.24), (7.28) ïðè w=0)
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÷÷÷
÷÷
ø
ö

ççç
çç
è
æ

÷÷÷
÷÷
ø
ö

ççç
çç
è
æ

+++ ++-=÷÷÷
÷÷
ø
ö

ççç
çç
è
æ

4
3
2
1

2
4
3
2
1

0-00 )2/(00)2/()(4 )2/(100)2/( 01/0
rr
rr

k kkk
k

rr
rrdzd mllmlmlm mlmll m

(14)
ãäå: l, m - ïàðàìåòðû Ëàìå ñëîÿ (ïîëóïðîñòðàíñòâà);k � âîëíîâîå ÷èñëî.Ôóíêöèè li (i=1,2) è rj (j=1,2,3,4) óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì, âûòåêàþùèìèç óñëîâèé íà ñìåùåíèÿ è íàïðÿæåíèÿ.Íà âíåøíåé ïîâåðõíîñòè (ïðè z=z1) èç ôîðìóë (2), (12) èìååì

)1(,2/)ii()(2 ±=-= mmFFl yxm (15a))1(,2/)i()(3 ±=+-= mFmFr yxm (15b))0(,)(4 == mFr zm (15c)
ãäå m � óãëîâîé èíäåêñ (ñì. ôîðìóëó (9d)); ïðè m, îòëè÷íûõ îò -1, 0, 1 ñîîòâåòñòâóþ-ùèå âåëè÷èíû ðàâíû íóëþ.Íà ãðàíèöàõ ðàçäåëà ñðåäû èìååì óñëîâèÿ íåïðåðûâíîñòè

)1(,ïðè,0][,0][,0][,0][
,0][,0][

4321
21

>=====
==

izzrrrr
ll

iiiii
ii (16a)

Íà áåñêîíå÷íîñòè îòñóòñòâóåò äâèæåíèå
l1 ® 0, r1 ®0, r2 ®0, ïðè z ® ¥ (16b)
Ðàññìîòðèì ñõåìó ðåøåíèÿ óðàâíåíèé (13), (14) ïðè óñëîâèÿõ (15), (16). Äëÿäàëüíåéøåãî ââåäåì èìïåäàíñû P/SV- è SH- âåêòîðîâ äâèæåíèÿ-íàïðÿæåíèÿ. Çàäà÷àíàõîæäåíèÿ âåêòîðîâ äâèæåíèÿ- íàïðÿæåíèÿ ðåøàåòñÿ â äâà ýòàïà. Íà ïåðâîì íàõî-
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äÿòñÿ èìïåäàíñû, íà âòîðîì ñ ïîìîùüþ èìïåäàíñîâ íàõîäÿòñÿ âåêòîðà äâèæåíèÿ-íàïðÿæåíèÿ.Èìïåäàíñ � ýòî ôóíêöèÿ, óìíîæàÿ íà êîòîðóþ âåêòîð äâèæåíèÿ, ïîëó÷àåì âåêòîðíàïðÿæåíèÿ. Äëÿ ñëó÷àÿ P/SV-ñèñòåìû, èìïåäàíñ ÿâëÿåòñÿ ìàòðè÷íîé ôóíêöèåé.Îáîçíà÷èì ÷åðåç Hl(z) èìïåäàíñ äëÿ SH-âîëí, à ÷åðåç Hr(z) - èìïåäàíñ äëÿ P/SV -ñèñòåìû. Èìååì, äëÿ SH
l2(z)= Hl(z) l1(z), (17)

äëÿ P/SV
s(z)= Hr(z)d(z) , (18)

ãäå d=(r1, r2)T � âåêòîð äâèæåíèÿ, à s=( r3, r 4)T � âåêòîð íàïðÿæåíèÿ äëÿ P/SV, à Hr(z) êâàäðàòíàÿ ìàòðèöà ïîðÿäêà 2.Èìïåäàíñû óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
1). [Hl]i=0, [Hr]i=0, (i=2,...�,n), (19a)
2). Ïðè z= zn+0 (ò.å. ñî ñòîðîíû ïîëóïðîñòðàíñòâà) èìïåäàíñû èçâåñòíû, à èìåííî

rnrlnl zHzH HH == )(,)( (19b)ãäå:
nln kH m-= (19c)

÷÷øöççèæ+-= 1112 n
n

n
nrn k x xxmH , (19d)

)2/( nnnn mlmx += , k - âîëíîâîå ÷èñëî.
Ñïðàâåäëèâîñòü ôîðìóë (19) óñòàíàâëèâàåòñÿ â Ïðèëîæåíèè.Óñëîâèÿ (19) îäíîçíà÷íî îïðåäåëÿþò èìïåäàíñû. Ðàñ÷åò èìïåäàíñîâ âåäåòñÿ ïîñëå-äîâàòåëüíî ñ íèæíåé ãðàíèöû ñëîÿ íà åãî âåðõíþþ ãðàíèöó, íà÷èíàÿ ñ ñàìîé íèæíåéãðàíèöû (ñ ïîëóïðîñòðàíñòâîì), ãäå èõ çíà÷åíèÿ èçâåñòíû. Â ðåçóëüòàòå áóäóò îïðå-äåëåíû çíà÷åíèÿ èìïåäàíñîâ íà âíåøíåé ãðàíèöå.Ïðèâåäåì ôîðìóëû, âûðàæàþùèå çíà÷åíèÿ èìïåäàíñîâ íà âåðõíåé ãðàíèöå ñëîÿ(êðîâëå) ÷åðåç èõ çíà÷åíèÿ íà íèæíåé ãðàíèöå (ïîäîøâå). Èõ âûâîä äàí â Ïðèëîæåíèè.Â ïðåäåëàõ j-òîãî ñëîÿ, ñïðàâåäëèâû ñëåäóþùèå âûðàæåíèÿ, ñâÿçûâàþùèå èì-ïåäàíñû äëÿ ðàçëè÷íûõ ãëóáèí (ïðè  z2³z1). Èìååì äëÿ SH

)2exp())(()( )2exp())(()()( 22
221 khzHkzHk khzHkzHkkzH ll

lll -++- -+++-= mm mmm (20)
ãäå h=z2- z1 >0.

Äëÿ P/SV ôîðìóëà òàêîâà
121211222211 ))())((()( -++= zzz rrr HRRHRRH (21)
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ãäå:
2112111111 )()2exp()( MBLMBLR hkhh -+--= (22a)
2212121112 )()2exp()( MBLMBLR hkhh -+--= (22b)
2122112121 )()2exp()( MBLMBLR hkhh -+--= (22c)
2222122122 )()2exp()( MBLMBLR hkhh -+--= (22d)

B(z) � ìàòðè÷íàÿ ôóíêöèÿ, îáðàçîì êîòîðîé ÿâëÿåòñÿ êâàäðàòíàÿ 2x2 ìàòðèöà
÷÷øöççèæ= 101)( kzzB ;

Lij, Mij (i,j=1,2) - êâàäðàòíûå 2x2 ìàòðèöû, òàêèå ÷òî

0)1(-)1( )1()1()1(  /2-2/)1(02/)1( 1/22/)1(2/)1(2/)1(
2221
1211

÷÷÷
÷÷
ø
ö

ççç
çç
è
æ

-- --- -- -+-
=÷÷øöççèæ xmmxxm xmxmmxm xxx xxx

kkk kkkkLL LL , )2/( mlmx +=      (23a)

2//1/2//1/1-1 2///)1/(12///)1/(1-0 2//2//1/11 2///)1/()(10)1/(1)1/(
2221
1211

÷÷÷
÷÷
ø
ö

ççç
çç
è
æ

- ----
-+--

=÷÷øöççèæ mm mxmxx mm mxxxxx
kk kk kk k

MM MM (23b)
Äëÿ ðàñ÷åòà âåêòîðîâ äâèæåíèÿ-íàïðÿæåíèÿ íåîáõîäèìî çíàòü çíà÷åíèÿ èìïåäàí-ñîâ íà ãðàíèöàõ ðàçäåëà è íà âíåøíåé ãðàíèöå. Ñõåìà ðàñ÷åòà èìïåäàíñîâ ñîñòîèò âïîñëåäîâàòåëüíîì ïåðåñ÷åòå èìïåäàíñîâ ñ ïðèìåíåíèåì ôîðìóë (19), (20) è (21) ïðèïðîäâèæåíèè îò ãðàíèöû ïîëóïðîñòðàíñòâà ââåðõ ê âíåøíåé ãðàíèöå
H (zn)= H n ® H (zn-1) ® ... ® H(z1=0)
Ïåðåéäåì ê ðàñ÷åòó âåêòîðîâ äâèæåíèÿ-íàïðÿæåíèÿ. Íà âíåøíåé ãðàíèöå, ñî-ãëàñíî óñëîâèÿì (15), èçâåñòíû êîìïîíåíòû íàïðÿæåíèÿ ñîîòâåòñòâóþùèõ âåêòîðîâ.Êîìïîíåíòû ñìåùåíèÿ íà âíåøíåé ãðàíèöå íàõîäèòñÿ ïî ôîðìóëàì, ÿâëÿþùèõñÿñëåäñòâèåì ôîðìóë (17) è (18). Äëÿ SH
l1(z1)= l2(z1)/Hl(z1), (24a)

äëÿ P/SV
( ) ÷÷øöççèæ=÷÷øöççèæ - )( )()()( )(

14
131112

11 zr zrzzr zr rH (24b)
Êîìïîíåíòû ñìåùåíèÿ íà ãëóáèíå zs íàõîäèòñÿ ïî ôîðìóëàì (âûâîä â Ïðèëîæåíèè)

)(),(),()....,()( 11122311 zlzzqzzqzzqzl sss -= , (25a)
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ãäå:
))(2exp())(()( 2),( 1111 ppplpplp

ppp zzkzHkzHk kzzq --++-= ++++ mm m , (25b)
Äëÿ P/SV

÷÷øöççèæ=÷÷øöççèæ - )( )(),(),()....,()( )(
12
11122312

1 zr zrzzzzzzzr zr sss
s QQQ , (25c)

ãäå: 1)(12)(1111 ))())((exp(),( -++ +--= prpppppp zzzkzz HRRQ , (25d)
Ìàòðèöû )(12)(11 , pp RR  - ýòî R11, R12 ìàòðèöû  äëÿ p�ãî ñëîÿ. Âûðàæåíèÿ äëÿ íèõ äàíûôîðìóëàìè (22).Êîìïîíåíòû íàïðÿæåíèé ïîëó÷àþòñÿ óìíîæåíèåì êîìïîíåíò ñìåùåíèé íà ñîîò-âåòñòâóþùèå èìïåäàíñû.Îáúåäèíÿÿ ôîðìóëû (24), (25) ïîëó÷èì îêîí÷àòåëüíûå âûðàæåíèÿ äëÿ êîýôôèöè-åíòîâ ðÿäà (8) ÷åðåç êîìïîíåíòû íàïðÿæåíèÿ íà âíåøíåé ãðàíèöå

)()(/),()( 12111 zlzHzzqzl lss = (26a)( ) ÷÷øöççèæ=÷÷øöççèæ - )( )()(),()( )(
14
131112

1 zr zrzzzzr zr rss
s HQ (26b)

ãäå: ),(),()....,(),( 122311 zzqzzqzzqzzq sss -= (26c)),(),()....,(),( 122311 zzzzzzzz sss QQQQ -= , (26d)
âûðàæåíèÿ äëÿ ),( 1 pp zzq +  è ),( 1-pp zzQ  äàíû ôîðìóëàìè (25).

Âûðàæåíèå ðåøåíèÿ ÷åðåç áàçèñíûå ôóíêöèè
Ïðèâåäåííûå ôîðìóëû ïîçâîëÿþò ðàññ÷èòàòü çíà÷åíèÿ êîìïîíåíò âåêòîðîâ äâè-æåíèÿ äëÿ êàæäîãî íàáîðà (m, k). Ñîãëàñíî (15) íåíóëåâîé âêëàä â ðåøåíèå (8) äàþò÷ëåíû ñ m =-1, 0, 1. Êðîìå òîãî, ïîñêîëüêó â ôîðìóëû (24-26) çíà÷åíèå m âõîäèò ÷åðåçãðàíè÷íûå óñëîâèÿ (15), à ïðè m=±1 çíà÷åíèÿ )(mjk  ñîâïàäàþò, òî â ýòîì ñëó÷àåêîýôôèöèåíòû )(2)(1)(1 ,, mmm rrl  ïðè m=±1 ìîãóò áûòü âûðàæåíû ÷åðåç îäíè è òå æåâåëè÷èíû. Äëÿ êàæäîãî èç ýòèõ çíà÷åíèé ìû ââåäåì (áàçèñíûå) ôóíêöèè, ÷åðåçêîòîðûå, â êîíå÷íîì ñ÷åòå, âûðàçèì ñìåùåíèå (8).Ïîêàæåì, ÷òî ðåøåíèå (8) ìîæíî ïðåäñòàâèòü â âèäå

)i(e21)i(e21),,( )1()1()0( yxiyxiz FFFFFzr ++-+= -- jjj uuuu (27)
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ãäå âåðõíèé èíäåêñ ñîîòâåòñòâóåò çíà÷åíèþ m,  âåëè÷èíû Fx, Fy, Fz � êîìïîíåíòûñèëû â äåêàðòîâîé ñèñòåìå êîîðäèíàò, à ôóíêöèè )1()1()0( ,, -uuu  èìåþò öèëèíäðè÷åñ-êèå êîìïîíåíòû, íå çàâèñÿò îò ïåðåìåííîé j . Ïðè÷åì ôóíêöèÿ )1(-u  âûðàæàåòñÿ ÷åðåçôóíêöèþ )1(u , à èìåííî ìåæäó êîìïîíåíòàìè â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàòèìååòñÿ ñëåäóþùàÿ ñâÿçü
,, )1(1)1(1)1(1)1(1)1(1)1(1 zzrr uuuuuu =-== --- jj (28)

Ðàññìîòðèì ñëó÷àé m=0 è îïðåäåëèì ôóíêöèþ )0(u . Òàê êàê íà âíåøíåé ãðàíèöål2=0 ïðè m=0 (ñì. ïîÿñíåíèå ê ôîðìóëàì (15)), òî l1º0 è l2º0. Ïðè êàæäîì k äëÿ êîýô-ôèöèåíòîâ r1-r4 âîçíèêàåò çàäà÷à ñ ãðàíè÷íûì óñëîâèåì
r3(z1,k)=0, r4(z1,k)=Fz (29)
Íàéäåì áàçèñíîå ðåøåíèå, îòâå÷àþùåå ãðàíè÷íîìó óñëîâèþ

÷÷øöççèæ=÷÷øöççèæ 10),( ),(
1)0(4
1)0(3 kzr kzr (30)

Ïðèìåíÿÿ ôîðìóëû (24-26) íàéäåì êîýôôèöèåíòû ñìåùåíèé r1, r2 ïðè z=zs,  êîòîðûåîáîçíà÷èì 0201 , rr , à ïî íèì îïðåäåëèì ôóíêöèþ )0(u  â ñîîòâåòñòâèè ñ (8)
kdkrkzrrkzrzr kskss ò¥ += 0

002001)0( )}(),()(),({21),( RSu p (31)
Â ñèëó ëèíåéíîñòè ðåøåíèåì èñõîäíîé çàäà÷è, îòâå÷àþùåé ãðàíè÷íîìó óñëîâèþ(29) áóäåò ôóíêöèÿ zF)0(u .Ðàññìîòðèì ñëó÷àé m=1 è îïðåäåëèì ôóíêöèþ )1(u . Äëÿ êîýôôèöèåíòîâ l1, l2, r1-r4èìååì çàäà÷ó ñ ãðàíè÷íûì óñëîâèåì:

,2/)ii(),( 1)1(2 xy FFkzl -= (32),2/)i(),( 1)1(3 xy FFkzr --= r4(z1,k)=0 (33)
Àíàëîãè÷íî ñëó÷àþ m=0, íàéäåì áàçèñíîå ðåøåíèå, îòâå÷àþùåå ãðàíè÷íîìóóñëîâèþ

÷÷øöççèæ=÷÷øöççèæ= 01),( ),(,1),( 1)1(4
1)1(31)1(2 kzr kzrkzl (34)

Ïðèìåíÿÿ ôîðìóëû (24-26) íàéäåì êîýôôèöèåíòû ñìåùåíèé l1, r1, r2 ïðè z=zs,êîòîðûå îáîçíà÷èì ÷åðåç 121111 ,, rrl , à ïî íèì îïðåäåëèì ôóíêöèþ )1(u  ôîðìóëîé
jp ikkk kdkrrlr -¥ --= ò e}{i21)( 1120

111111)1( RSTu (35)
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Òîãäà ðåøåíèåì çàäà÷è (32), (33), â ñèëó ëèíåéíîñòè è íåçàâèñèìîñòè ðåøåíèé
P/SV è SH ñèñòåì, áóäåò )i(21 )1( yxi FFe -ju .

Ðàññìîòðèì ñëó÷àé m=-1 è îïðåäåëèì ôóíêöèþ )1(-u . Äëÿ êîýôôèöèåíòîâ l1, l2, r1-r4 èìååì çàäà÷ó ñ ãðàíè÷íûì óñëîâèåì (ïðè êàæäîì k):
,2/)ii(),( 1)1(2 yx FFkzl += (36),2/)i(),( 1)1(3 yx FFkzr += r4(z1,k)=0 (37)

Ðåøåíèåì ýòîé çàäà÷è áóäåò
)i(}{i21 )1(120

)1(11)1(11 yxkkk FFkdkrrl +++ -¥ --ò RSTp
ãäå 121111 ,, rrl  òå æå, ÷òî è â ôîðìóëå (35). Ýòî îáúÿñíÿåòñÿ òåì, ÷òî çíà÷åíèå m ÿâíî íåâõîäèò â óðàâíåíèÿ äëÿ âåêòîðîâ äâèæåíèÿ-íàïðÿæåíèÿ. Îïðåäåëèì ôóíêöèþ )1(-uôîðìóëîé

jp ikkk kdkerrl }{i21 )1(120
)1(11)1(11)1( -¥ --- ++= ò RSTu (38)

òîãäà ðåøåíèå çàäà÷è (36), (37) ïðèìåò âèä )i(21 )1( yxi FFe +- ju . Ñðàâíèâàÿ öèëèí-äðè÷åñêèå  êîìïîíåíòû âåêòîð-ôóíêöèé u(1) è u(-1) â âûðàæåíèÿõ (35) è (38), ïðèõîäèìê ôîðìóëàì (28).Çàïèøåì ôîðìóëû (31), (35), (38), ïåðåõîäÿ ê öèëèíäðè÷åñêèì êîìïîíåíòàì
zrr AA eeu )0()0()0( j+= (39)

(ïîïåðå÷íàÿ êîìïîíåíòà òîæäåñòâåííî ðàâíà íóëþ)
zzrr AiAA eeeu )1()0()1()1( ++= jj (40)

(ïîïåðå÷íàÿ êîìïîíåíòà ÷èñòî ìíèìàÿ)
zzrr AiAA eeeu )1()0()1()1( +-=- jj (41)

Ôóíêöèè ),,;1,0(,)( zrpmA mp j==  çàâèñÿò îò r, zs, íî íå çàâèñÿò îò j, è âûðàæàþòñÿïî ôîðìóëàì
ò¥-= 0 1)0(1)0( )(),(21 kdkkrJkzrA sr p ,   ò¥-= 0 0)0(2)0( )(),(21 kdkkrJkzrA sz p (42)
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ò¥ þýüîíì ¢+-= 0 1)1(11)1(1)1( )(),()(),(21 kdkkrJkzrkrkrJkzlA ssr p (43)
ò¥ þýüîíì +¢-= 0

1)1(11)1(1)1( )(),()(),(21 kdkkrkrJkzrkrJkzlA sspj (44)
ò¥-= 0 1)1(2)1( )(),(21 kdkkrJkzrA sz p (45)

Áóäåì íàçûâàòü ýòè ôóíêöèè áàçèñíûìè, òàêæå êàê è ñîîòâåòñòâóþùèå âåêòîð-ôóíêöèè (39-41).
Ðåøåíèå çàäà÷è î ñèëå, ïðèëîæåííîé âíóòðè ñðåäû

Ïóñòü ñèëà ïðèëîæåíà â òî÷êå xs, à ñìåùåíèå òðåáóåòñÿ íàéòè â òî÷êå x0 íà ñâî-áîäíîé ïîâåðõíîñòè. Äëÿ ðåøåíèÿ ýòîé çàäà÷è âîñïîëüçóåìñÿ ðåøåíèåì ïðåäûäóùåé,êîãäà ñèëà ïðèëîæåíà â òî÷êå x0, à ñìåùåíèå áûëî ðàññ÷èòàíî â òî÷êå xs, è ïðèìåíèìòåîðåìó âçàèìíîñòè (5).Çàïèøåì ôîðìóëó (27) â ìàòðè÷íîì âèäå
FxxGxu ×= );()( 0ss (46)ãäå: );( 0xxG s  - ìàòðèöà, ñîñòàâëåííàÿ èç ñòîëáöîâ

( )jj ii ee --+ )1()1(21 uu ,   ( )jj ii eei ---- )1()1(2 uu ,  )0(u (47)
T),,( zyx FFF=F  - âåêòîð-ñòîëáåö.Ìàòðèöà );( 0xxG s  ïðåäñòàâëÿåò òåíçîð Ãðèíà äëÿ ñèëû â òî÷êå x0 è ïðèåìíèêà âòî÷êå xs. Ìàòðèöó  ìîæíî çàïèñàòü ÷åðåç áàçèñíûå ôóíêöèè ñ ïîìîùüþ ôîðìóëû

)()();( T0 jj UAAxxG =s (48)
ãäå:

÷÷÷
÷
ø
ö

ççç
ç
è
æ=

)0()1(
)1(

)0()1(

0 00 0
zz

rr
AA A AA

jU ,    ÷÷÷ø
ö

çççè
æ= 100 0)cos()sin( 0)sin(-)cos()( jj jjjA (49)

Óãîë j � ýòî, ïî ñóùåñòâó, àçèìóò èç òî÷êè x0=(x0,y0,0) â òî÷êó )0,,( sss yx=¢x .Áóäåì òåïåðü ñ÷èòàòü, ÷òî ñèëà ïðèëîæåíà â òî÷êå xs, à ñìåùåíèÿ áóäåì ðàññìàò-ðèâàòü â òî÷êå x0. Ïðèìåíÿÿ òåîðåìó âçàèìíîñòè (5), ïîëó÷èì
FxxGxu ×= );()( 00 s (50a)
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ãäå: );();( 0T0 xxGxxG ss = (50b)
Êðîìå òîãî, çàìåíèì óãîë j íà óãîë js � àçèìóò èç «ýïèöåíòðà» )0,,( sss yx=¢x  íà«ïðèåìíèê» x0=(0,0,0), ïðè ýòîì pjj +=s . Ïîñëå ïðåîáðàçîâàíèÿ, îêîí÷àòåëüíîïîëó÷àåì

)()(),( T10 sss jj AUAxxG = (51)

ãäå:  ÷÷÷
÷
ø
ö

ççç
ç
è
æ

-=
)0()0(

)1(
)1()1(

1 0 00 -0
zr

zr
AA A AA

jU (52)
Ôîðìóëû (50-52) ðåøàþò ïîñòàâëåííóþ çàäà÷ó.

Ââåäåíèå óäàëåííîé öèëèíäðè÷åñêîé ãðàíèöû è  äèñêðåòèçàöèÿ èíòåãðàëîâ ïîâîëíîâîìó ÷èñëó
Êàê ñëåäóåò èç ïîëó÷åííîãî â ïðåäûäóùåì ðàçäåëå ïðåäñòàâëåíèÿ äëÿ ñìåùåíèé(8), íåîáõîäèìî âû÷èñëèòü îïðåäåëåííûå èíòåãðàëû ïî âîëíîâîìó ÷èñëó. Ìû áóäåìñëåäîâàòü ðàáîòå [2], â êîòîðîé ïðèìåíÿåòñÿ ïðèåì, ïîçâîëÿþùèé çàìåíèòü âû÷èñ-ëåíèå èíòåãðàëîâ âû÷èñëåíèåì ñóìì. Äëÿ òîãî ÷òîáû ñäåëàòü ýòî ââîäèòñÿ öèëèíäðè-÷åñêàÿ ãðàíèöà r=ra, íà êîòîðîé çàäàþòñÿ ïîäõîäÿùèå ãðàíè÷íûå óñëîâèÿ.Äëÿ òîãî, ÷òîáû çàäàòü ãðàíè÷íûå óñëîâèÿ íà öèëèíäðè÷åñêîé ãðàíèöå, ââåäåìíîâûå ïåðåìåííûå

jj¶¶+¶¶= urrrurv rr 1)(1  ,    rrururv r ¶¶-¶¶= )(11 jj j  ,  zz uv = (53)
ãäå zr uuu ,, j  - êîìïîíåíòû âåêòîðà ñìåùåíèÿ â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò.Ïîëîæèì íà öèëèíäðè÷åñêîé ãðàíèöå

0,0,0 === === aaa rrzrrrrr vvv j (54)
Òîãäà ñïðàâåäëèâî ñëåäóþùåå ïðåäñòàâëåíèå äëÿ èñêîìîãî ðåøåíèÿ

åå-=
¥
= ++= 1

1 1
)()(2)(1)(1 /}{21),,( m j

mjmjmmjmmjm Wrrlzr RSTu pj (55)
ãäå )()()( ,, mjmjmj RST  - çíà÷åíèÿ ãîðèçîíòàëüíûõ âîëíîâûõ ôóíêöèé )()()( ,, mkmkmk RSTïðè )(mjkk = , )(mjk  - íåíóëåâûå êîðíè óðàâíåíèÿ0)(m =axrJ (56)
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2)(2)( ))((2 amjmamj rkJrW ¢= (57)
(øòðèõ îáîçíà÷àåò ïðîèçâîäíóþ ïî àðãóìåíòó). Êîýôôèöèåíòû ðàçëîæåíèÿ (55)ñâÿçàíû ñî ñìåùåíèåì ôîðìóëàìèò ò ×= p j2

0 0
*)()(1 )(),( )(

a
mj

r mkmjm rdrdkzl Tu (58a)
ò ò ×= p j2
0 0

*)()(1 )(),( )(
a

mj
r mkmjm rdrdkzr Su (58b)

ò ò ×= p j2
0 0

*)()(2 )(),( )(
a

mj
r mkmjm rdrdkzr Ru (58c)

Äëÿ òîãî, ÷òîáû îáîñíîâàòü ðàçëîæåíèå (55), âîñïîëüçóåìñÿ òåîðåìîé ðàçëîæåíèÿâ ðÿä ñêàëÿðíûõ ôóíêöèé ñ èñïîëüçîâàíèåì êîíå÷íîãî ïðåîáðàçîâàíèÿ Ôóðüå-Áåññåëÿ(ñì., íàïðèìåð, [3]). Ïðè âûïîëíåíèè óñëîâèé (54) èìååì
)()(

1
)()(1

1 /)(),(e21),,( mjmjmj
mjmpm

imp WrkJkzvzrv åå ¥
=-== jpj  ,   ),,( zrp j= (59)

ãäå:
jj jp drdrrkJzrvkzv immj

r
pmjmp

a -ò ò= e)(),,(),( )(m
2
0 0

)()( (60)
Ïðè íåîáõîäèìîñòè, èíòåãðèðóÿ ïî ÷àñòÿì, èç ôîðìóë (53), (60) ïîëó÷àåì

)(1)()()( ),( mmjmjmr rkkzv -= ,  )(1)()()( ),( mmjmjm lkkzv -=j , )(2)()( ),( mmjmz rkzv -= (61)
Åñëè ìû ïîäñòàâèì ðàçëîæåíèå (55) â ôîðìóëû (53) (ïðåäâàðèòåëüíî îòäåëèâ öè-ëèíäðè÷åñêèå êîìïîíåíòû), òî ñ ó÷åòîì óðàâíåíèÿ Áåññåëÿ, ðàçëîæåíèÿ (59) è ôîðìóë(61), ïîëó÷èì òîæäåñòâåííîå ðàâåíñòâî. Ñòðîãî ãîâîðÿ, ñëåäîâàëî áû äîáàâèòü â (55)÷ëåí, êîòîðûé îòâå÷àåò íóëåâûì çíà÷åíèÿì ââåäåííûõ ïåðåìåííûõ, íî â ñëó÷àå ñòàòèêèîí ðàâåí íóëþ.Ñîîòíîøåíèÿ (10), (12) ñîõðàíÿþò ñèëó ïðè çàìåíå )(mjkk =  è èñïîëüçîâàíèèâåðõíåãî ïðåäåëà ra âìåñòî áåñêîíå÷íîñòè. Ñ ó÷åòîì ýòèõ äâóõ óñëîâèé îñòàþòñÿñïðàâåäëèâûìè è âñå ïðèâåäåííûå âûøå ôîðìóëû. Ñâîéñòâî îðòîãîíàëüíîñòèôóíêöèé )()()( ,, mkmkmk RST , íåîáõîäèìîå äëÿ èõ âûâîäà, ñîõðàíÿåòñÿ.Âñå ýòî îçíà÷àåò, ÷òî ðåøàòü ñèñòåìû äâèæåíèÿ íàïðÿæåíèÿ íóæíî äëÿ êîðíåéóðàâíåíèÿ (56), à âñòðå÷àþùèåñÿ èíòåãðàëû çàìåíÿòü ïî ïðàâèëó

)(
0 1

)()()( /)()( mjj
mjmm Wkkdkkò å¥ ¥

= F=F ,   (m=0,1) (62)

Â.Ì. Ïàâëîâ



399

Ïðè ÷èñëåííûõ ðàñ÷åòàõ áåñêîíå÷íûé ðÿä (62) çàìåíÿåòñÿ  êîíå÷íîé ñóììîé.×èñëî n ÷ëåíîâ ñóììû îïðåäåëÿåòñÿ èç óñëîâèÿ
)abs()abs( 1 nn SC e<+ (63)

ãäå : Cn+1 � n+1-âûé ÷ëåí ðÿäà; e - ìàëîå ÷èñëî (íàïðèìåð, 0,001); Sn � ñóììà n ÷ëåíîâðÿäà.Ââåäåíèå öèëèíäðè÷åñêîé ãðàíèöû ïðèâîäèò ê òîìó, ÷òî ðåøåíèå â âèäå áåñêîíå÷-íîãî ðÿäà, áóäåò ïðèáëèæåííûì. Âîçíèêàþùàÿ ïðè ýòîì ïîãðåøíîñòü áóäåò ïîðÿäêàR/ra, (R � ðàññòîÿíèå îò èñòî÷íèêà äî ïðèåìíèêà) è ìîæåò áûòü ñäåëàíà äîñòàòî÷íîìàëîé çà ñ÷åò óâåëè÷åíèÿ ra.Íà ðèñ.1 ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòà áàçèñíûõ ôóíêöèé äëÿ îäíîðîäíîãîïîëóïðîñòðàíñòâà è äëÿ ñëîÿ (òîëùèíû 1 êì) íà ïîëóïðîñòðàíñòâå. Çíà÷åíèÿ ïàðà-ìåòðîâ ñðåäû âûðàæåíû â òåðìèíàõ ñêîðîñòåé ïðîäîëüíûõ a è ïîïåðå÷íûõ b² âîëí, àòàêæå ïëîòíîñòè r. Îäíîðîäíîå ïîëóïðîñòðàíñòâî èìååò òå æå çíà÷åíèÿ ïàðàìåòðîâ,÷òî è ïîëóïðîñòðàíñòâî ñî ñëîåì. Ðàñ÷åò äëÿ ïîëóïðîñòðàíñòâà áûë ïðîâåðåí ïîôîðìóëàì ðàáîòû [8]. Ðàñõîæäåíèå íå ïðåâûøàåò 1%. Ïðè ðàñ÷åòàõ áûëî ïðèíÿòîçíà÷åíèå ra=200Rmax. Çàêëþ÷åíèå
Ïîëó÷åíû àíàëèòè÷åñêèå ôîðìóëû äëÿ ðàñ÷åòà ñòàòè÷åñêèõ ñìåùåíèé â ñëîèñòîéñðåäå îò òî÷å÷íîé ñèëû. Ïðåäëîæåí íîâûé ñïîñîá ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëü-íûõ óðàâíåíèé äëÿ âåêòîðîâ äâèæåíèÿ-íàïðÿæåíèÿ. Â îñíîâå ýòîãî ñïîñîáà ââåäåíèåèìïåäàíñîâ � ìàòðè÷íîé äëÿ P/SV- è ñêàëÿðíîé äëÿ SH-âåêòîðîâ äâèæåíèÿ-íàïðÿæå-íèÿ ôóíêöèé, ñ ïîìîùüþ êîòîðûõ âåêòîð íàïðÿæåíèÿ âûðàæàåòñÿ â âèäå ïðîèçâå-äåíèÿ ñîîòâåòñòâóþùåãî èìïåäàíñà íà âåêòîð äâèæåíèÿ. Çàäà÷à ðàñ÷åòà âåêòîðîâäâèæåíèÿ-íàïðÿæåíèÿ ðàçáèâàåòñÿ íà äâå. Ñíà÷àëà ðàññ÷èòûâàþòñÿ èìïåäàíñû, àçàòåì ñ èõ ïîìîùüþ âåêòîðà äâèæåíèÿ-íàïðÿæåíèÿ. Äëÿ òåõ è äðóãèõ ïîëó÷àþòñÿàíàëèòè÷åñêèå ôîðìóëû. Îòëè÷èòåëüíîé îñîáåííîñòüþ äàííîãî ïîäõîäà ÿâëÿåòñÿ òî,÷òî ïîëó÷åííûå ôîðìóëû íå ñîäåðæàò ýêñïîíåíò ñ ïîëîæèòåëüíûìè âåùåñòâåííûìèïîêàçàòåëÿìè, ÷òî äàåò âîçìîæíîñòü ñòðîèòü àëãîðèòì ðàñ÷åòà ëèøåííûé ÷èñëåííîéíåóñòîé÷èâîñòè. Êðîìå òîãî, ýòîò àëãîðèòì íå ñîäåðæèò îãðàíè÷åíèé íà òîëùèíóñëîÿ, ÷òî âûãîäíî îòëè÷àåò åãî îò äðóãèõ ïîäîáíûõ àëãîðèòìîâ.

Ïðèëîæåíèå
Âûâîä ôîðìóë äëÿ èìïåäàíñîâ è ôîðìóë ïåðåñ÷åòà âåêòîðîâ äâèæåíèÿ íàïðÿæåíèÿñ îäíîãî óðîâíÿ ãëóáèíû íà äðóãîé
Ïîëàãàåì, ÷òî ñèëà ïðèëîæåíà íà âíåøíåé ãðàíèöå. Ïðèâåäåì âûðàæåíèÿ äëÿèìïåäàíñîâ â îäíîðîäíîì ïîëóïðîñòðàíñòâå è ôîðìóëû, êîòîðûå ïîçâîëÿþò ïîñëåäî-âàòåëüíî ðàññ÷èòàòü èìïåäàíñû íà âíóòðåííèõ ãðàíèöàõ ñëîåâ è, â êîíå÷íîì ñ÷åòå,íà âíåøíåé ãðàíèöå. Ýòî ïîçâîëÿåò, â ñâîþ î÷åðåäü, ðàññ÷èòàòü âåêòîðà äâèæåíèÿ-íàïðÿæåíèÿ â ëþáîé òî÷êå ñðåäû.Ñëó÷àé P/SV-ñèñòåìû.Ìàòðèöà ñèñòåìû P/SV â ñòàòèêå, â îòëè÷èå îò äèíàìèêè, ÿâëÿåòñÿ âûðîæäåí-íîé � îíà èìååò äâà êîðíÿ êðàòíîñòè äâà, à íå 4 ðàçëè÷íûõ, êàê â äèíàìèêå. ÄëÿSH-ñèñòåìû ïðè ïåðåõîäå îò äèíàìèêè ê ñòàòèêå âûðîæäåíèÿ íå âîçíèêàåò.Ïîëàãàåì z2> z1 äâå ãëóáèíû â ïðåäåëàõ îäíîðîäíîãî ñëîÿ (ïîëóïðîñòðàíñòâà).Ïóñòü f=(r1, r2, r3, r4,)T � âåêòîð äâèæåíèÿ-íàïðÿæåíèÿ. Çàïèøåì ñèñòåìó äèôôåðåí-öèàëüíûõ óðàâíåíèé (14) â âèäå
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Ðèñ.1. Çíà÷åíèÿ áàçèñíûõ ôóíêöèé ),()( smp zrA , ),,;1,0( zrpm j==  äëÿ ðàññòîÿíèé r=0-20 êì è ãëóáèíû zs=2 êì, ðàññ÷èòàííûõ äëÿïîëóïðîñòðàíñòâà áåç ñëîÿ (çâåçäî÷êè) è ñî ñëîåì òîëùèíû 1 êì (êâàäðàòû) (a-e). Çíà÷åíèÿ ïàðàìåòðîâ ñðåäû äàíû íà ãðàôèêå f.Áàçèñíûì ôóíêöèÿì ìîæíî ïðèäàòü ñëåäóþùèé ñìûñë. Ïîÿñíèì, ÷òî, åñëè èñòî÷íèê íàõîäèòñÿ â òî÷êå (0,0,zs), ïðîôèëü ïðèåìíèêîâ ðàñïîëîæåí íàîñè Ox (js=0), à zyx uuu ,, - êîìïîíåíòû ñìåùåíèÿ, òî zrxr uAuA -== )0()1( ,  ïðè 0,0 === zyx FFFF ; yuA =)1(j  ïðè 0,0 === zxy FFFF ;xzzz uAuA -== )1()0( ,  ïðè 0,0 === yxz FFFF . Äëÿ F0 ïðèíÿòî çíà÷åíèå 1014 Í.Fig.1. Values of the basic functions ),()( smp zrA , ),,;1,0( zrpm j== , for the range of distances r=0-20 km and depth zs=2 km calculated for thepure half-space (asterisks) and for the half-space with the layer of thickness 1 km (squares) (a-e). f - values of the media parameters and source-receiver configuration.The meaning of the basic functions is as follows. Let zyx uuu ,,  be displacement components, the source be at the point (0,0,zs), and the receivers are located onthe Ox axis (js=0). Then zrxr uAuA -== )0()1( ,  for ; 0,0 === zyx FFFF ; yuA =)1(j  for ; 0,0 === zxy FFFF ; xzzz uAuA -== )1()0( ,  for0,0 === yxz FFFF . Calculations were carried out with F0=1014 N.
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Aff =dzd (À.1)ãäå:
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÷÷
ø
ö

ççç
çç
è
æ

---=
0-00 )21(00)1(4 /00)12( 01/0

2 k kkk
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xxm mxx m
A  ,   )2/( mlmx += (À.2)
Çíà÷åíèÿ ïàðàìåòðîâ ñðåäû îòíîñÿòñÿ ê ðàññìàòðèâàåìîìó ñëîþ (ïîëóïðîñòðàíñòâó).Ïðåäñòàâèì ìàòðèöó A â âèäå
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kk kk kk k
L (À.5)
Òîãäà ðåøåíèå ñèñòåìû (À.1) ïðåäñòàâëÿåòñÿ â âèäå

wBBLf ÷÷øöççèæ -= )exp()(0 0)exp()( kzzkzz (À.6)
ãäå:

÷÷øöççèæ= 101)( kzzB ;
w=(w1, w2, w3, w4)T � ïîñòîÿííûé âåêòîð-ñòîëáåö («T» - îïåðàöèÿ òðàíñïîíèðîâàíèÿ)
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Ïîëó÷èì ñíà÷àëà âûðàæåíèå äëÿ P/SV èìïåäàíñà â ïîëóïðîñòðàíñòâå z>zn. Äëÿâåêòîðà äâèæåíèÿ-íàïðÿæåíèÿ èìååì âûðàæåíèå
wBBLf ÷÷øöççèæ -----= ))(exp()(0 0))(exp()()()( nn

nnn zzkzzzzkzzzz (À.7)
Ïîñêîëüêó ïðè z ® ¥ çíà÷åíèÿ ôóíêöèé ñòðåìÿòñÿ ê íóëþ, ïîëàãàåì ÷òî w(1)=w(2)=0.Òîãäà (À.7) ìîæíî çàïèñàòü â âèäå

÷÷øöççèæ --- ---=÷÷øöççèæ ))(exp()()( ))(exp()()()()( )(
122
112

nnn
nnnrn zzkzzz zzkzzzzzz wBL wBLdHd (À.8)

( w1=( w3, w4)T) îòñþäà ïîëó÷àåì
11222 )()()( -= nnrn zzz LLH

ïðè÷åì â ïîëóïðîñòðàíñòâå èìïåäàíñ íå çàâèñèò îò z. Ïîäñòàâëÿÿ âûðàæåíèÿ äëÿìàòðèö, îêîí÷àòåëüíî ïîëó÷àåì
÷÷øöççèæ+-= 1112 n

n
n
nrn k x xxmH , (À.9)

ãäå: )2/( nnnn mlmx += .
Èç ôîðìóëû (À.6) èìååì ñâÿçü ìåæäó çíà÷åíèÿìè âåêòîðà äâèæåíèÿ-íàïðÿæåíèÿäëÿ äâóõ ãëóáèí z2> z1 â ïðåäåëàõ îäíîðîäíîãî ñëîÿ ÷åðåç ïðîïàãàòîð

)(),()( 2211 zzzz fPf = (À.10)
Äëÿ ñòàòèêè èìååì ñëåäóþùåå âûðàæåíèå äëÿ ïðîïàãàòîðà

121 )(0 0)2exp()()exp(),( -÷÷øöççèæ ---= LBBLP hkhhkhzz (À.11)
ãäå L �ìàòðèöà ñëîÿ (À.4) ,   h= z2- z1>0.Ïðåäñòàâèì 4´4 ìàòðèöû â âèäå ìàòðèö èç 2´2 áëîêîâ

÷÷øöççèæ=÷÷øöççèæ=÷÷øöççèæ= -
2221
12111

2221
1211

2221
1211 ,, MM MMLLL LLLPP PPP (À.12)

Èç (À.11), (À.12) èìååì
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)exp(),( 21 khzz RP = (À.13)
ãäå:

÷÷øöççèæ -+---+-- -+---+--= 2222122121221121
2212121121121111 )()2exp()()()2exp()( )()2exp()()()2exp()( MBLMBLMBLMBL MBLMBLMBLMBLR hkhhhkhh hkhhhkhh

Çàïèøåì ôîðìóëó (À.10), èñïîëüçóÿ îïðåäåëåíèå èìïåäàíñà

)())(),(),(()()(
)())(),(),(()(

222122212111
22211221111

zzzzzzzz
zzzzzzz

rr
r

dHPPdH
dHPPd

+=
+=

(À.14)
Îòñþäà ïîëó÷àåì èñêîìîå âûðàæåíèå Hr(z1) ÷åðåç Hr(z2)

121211222211 ))())((()( -++= zzz rrr HRRHRRH (À.15)
À èç (À.14) � âûðàæåíèå äëÿ âåêòîðà ñìåùåíèÿ d(z2) ÷åðåç d(z1) (À.16)
Ïðèâåäåì ôîðìóëû äëÿ ñëó÷àÿ SH-ñèñòåìû.Âûðàæåíèå äëÿ SH èìïåäàíñà â ïîëóïðîñòðàíñòâå z>zn

nlnl kHzH m-==)( (À.17)
Âûðàæåíèå äëÿ èìïåäàíñà íà ãëóáèíå z1 ÷åðåç èìïåäàíñ íà ãëóáèíå z2 (z2 > z1)

)2exp())(()( )2exp())(()()( 22
221 khzHkzHk khzHkzHkkzH ll

lll -++- -+++-= mm mmm (À.18)
ãäå h= z2- z1 >0.Âûðàæåíèå äëÿ ñìåùåíèÿ l1(z2) ÷åðåç l1(z1)  òàêîâî

)()2exp())(()( 2)( 112221 zlkhzHkzHk kzl ll -++-= mm m (À.19)
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